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Abstract, Physiologically it is likely that excitatory and inhibitory neurons are rather clearly
distinguished or, in other words, each neuron has in most cases a unique excitatory or
inhibitory property (the Dale hypothesis). To study the consequence of the physiological
constraint, we propose a learning rule for neural networks which incorporates the constraint.
Then the distribution of the metastable states is calculated and it is found that the retrieval
states form a much larger group in the proposed model than in the Hopfield model. We
also study the process of retrieval by considering the statistical dynamics of the overlaps.
The result suggests that excitatory neurons and inhibitory neurons are preferably balanced
in number if the attraction basins of the stored patterns are to be sufficiently large.

1. Introduction

Apart from fruitful applications of neural networks to engineering or computer scientific
problems, attempts have been made to understand the complex performances of the
human brain through neural networks (Eccles 1977, Kohonen 1977, Virasoro 1988).
If we try to simulate the complex structure or functions of the brain by means of neural
networks, the implications of many physiological constraints on biological nervous
systems must be understood. There have been various attempts to accommodate
physiological constraints into neural network models (Amari 1977a, Clark 1988,
Shinomoto 1987, Treves and Amit 1989) though it has not yet been fully clarified
whether such physiological constraints play essential roles in biological nervous systems
or are simply regarded as neuro-chemically inevitable constraints. Here we study the
metastable states of a simple neural network subject to a specific physiological con-
straint, namely the Dale hypothesis, which claims that each neuron is either excitatory
or inhibitory.

A neural network with the Dale hypothesis was studied by Shinomoto (1987) and
it was reported that the network acquires a sort of ‘cognitive ability’. We examine the
effect of incorporating the physiological constraint from different points of view. After
proposing a simple neural network model which follows the physiological constraint,
we calculate the distribution of the metastable states for the model. The simple
realisation of the learning rule to incorporate the constraint makes it possible to carry
out the statistical calculations involved. Such distributions were calculated for the
Hopfield model (Gardner 1986) and the asymmetrically diluted Hopfield model (Treves
and Amit 1988) and it was found that there exist two groups of the metastable states:
one forms around the original patterns and the other around spin-glass type configur-
ations. We find that the former group consists of the retrieval states and becomes much
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larger in the proposed model than that in the conventional Hopfield (1982) model,
which is characteristic of the model incorporating the constraint. Note that the purpose
of the present paper is not to construct a realistic model of biological nervous systems
but to understand possible effects of the physiological constraint. Therefore we define
a minimum model which satisfies the physiological constraint so that we can approach
it mostly through analytical calculations.

The paper is organised as follows. In section 2, the learning rule which incorporates
the physiological constraint is presented and the model is defined. In section 3, the
number of the metastable states is calculated and the results are shown for various
cases. Detailed calculations are shown in the appendix. In section 4, the statistical
dynamics of overlaps is discussed to see the features of retrieval process. Concluding
remarks are given in section 5.

2. The model

We propose a learning rule in which the above physiological constraint is taken into
account in a simple manner. We first label each neuron according to its excitatory or
inhibitory nature. Let 7; be 1 (—1) if the jth neuron is excitatory (inhibitory). Then
the learning of patterns {¢/'} (i=1,..., N, u=1,..., p) to the synaptic couplings is
defined by

1 P
Ty=— ) ehéles ey =1+l g (1)
N .2

Since &} #0 when the product of the signal ¢/°¢ and #; is positive, only positive
signals are learned by an excitatory neuron. Similarly, only negative signals are learned
by an inhibitory neuron. Thus the synaptic couplings generated by (1) satisfy the
physiological constraint under consideration.

The learning rule T; =26(T}/) T}/, where T} stands for the conventional Hebbian
coupling (1/N)Z, £/ ¢}, was adopted by Shinomoto (1987) to generate the synaptic
couplings which respect the physiological constraint. We call this learning rule ‘all or
nothing learning’ in the present paper. Advantages of choosing the present couplings
are the following two points. (i) It suits an intuitive image of learning as a sequential
process since the synaptic couplings are modified every time when a memory is stored
by the network. (ii) T; is simply written as

T,=Tj+oan,

with a = p/ N, which makes any statistical mechanical calculations rather easier. Note
that T; is symmetric if both the ith and the jth neurons are excitatory or inhibitory
and otherwise T}, is asymmetric.

The memory retrieval process is an ordinary synchronous process, i.e. spin S;(t) is
updated according to

S,v(t+1)=sgn(z T,»,-S,(t)). (2)
J#i

One may think that the above process is not realistic. However, as mentioned pre-
viously, we are not aiming at constructing a realistic model. What we are interested
in is the characteristic properties of the neural networks whose unit neurons are specified
uniquely as excitatory or inhibitory. Therefore we leave the retrieval algorithm
unchanged to see only the results of the physiological constraint.
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3. Distribution of the metastable states

We calculate the number of the metastable states at the Hamming distance Ng from
a pattern {£}. Since {S;} is a fixed point of the updating algorithm (2) if

S:h; >0 hi= Z TUS, 3

J=i

is satisfied for any i, the number N, of the metastable states with the local fields h;
whose sizes are greater than a positive value h is given by

Nms=Trs<H 6(Sh, —h)> (@)
i 13

where the trace is taken over the states separated from {£[} by the Hamming distance
Ng and (...) stands for quenched averages over the random patterns {&%} (u # r).
Using the following integral representation of the 6 function:

t‘z?(x—a)=-rC du Jxélexp[iu(f—x)]
x a 27

equation (4) can be written as

TrSI:IJ.j;dx,-J‘xg#<exp< Zxr—12x5h>> ()

We evaluate the right-hand side of (5) in the limit that N goes to infinity keeping «a
fixed. We show the details of calculations in the appendix and only present the results
obtained. Inserting a parameter y in front of the second term of £/ to connect the
present model smoothly with the Hopfield model (i.e. ¥ =1 yields the present physio-
logical model while y =0 yields the Hopfield model), we calculate N, to obtain

N =exp(NF(g, a, 1, q)) (6)
F(g a,r,q)=g(1-q)In(®(s,)) +(1-g—r+gq) In(P(s))

+gq In(P(t.))+(r—gq) In(®(t_))+a[b+ilna—3+(1-b)*/2a]

—glng-(1-¢g)In(1-g) (7)

where

< d
q><x>=J 72—’;exp(-%8)

s =h:t(1—2g)+oz(b—y) . _hx(1-2g)+a(b+y)
* Vaa = Vaa

and saddle points are to be substituted for the two parameters a and b. To derive the
above expression, the number of excitatory neurons in the network has been assumed
to be rN (0<r<1) and the number of excitatory neurons taking wrong spin states
(i.e. S, # £7) tobe Ngg (0< gg <r). Itis necessary to give the distance and the direction
of {S;} from {¢[} by g and g, respectively to specify the state {S,}.

Equations (6) and (7) yield an upper bound for the number of metastable states
(Gardner 1986). We see that the metastable states exist only for the regions of the
parameters in which the function F takes positive values. If F takes negative values,
there exist no metastable states for such regions of the parameters. Note that the first
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four terms in the expression of F give negative contributions while the next two terms
give positive contributions. Since t.>s. for any allowed values of the parameters,
we see that F tends to be positive as g becomes smaller.

The function F is evaluated numerically and the results are shown below for various
cases. Hereafter h is set equal to 0. We first show the cases of the Hopfield model
for comparison. We recovered the results obtained by Gardner (1986). In figure 1(a),
F is shown as a function of g when a =0.05 and 0.1. An important point is that there
exist two distinct positive bands: one is around g =0 and the other is around g =3.
The former band corresponds to a set of metastable states which are very close to the
original pattern but not completely equivalent to it: the closest metastable state in the
band has very small but non-vanishing Hamming distance

~(52) en(-55)
gla)=\5 ] exp{~3;

from the original pattern. We may call these states the retrieval states. On the other
hand, the later band corresponds to a set of metastable states around the spin-glass
type configurations which were found in the thermodynamical calculations (Amit et
al 1985a,b, 1987) and is much broader than the former.
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Figure 1. The function F for the Hopfield model (a) and for the present model (b) with
equal numbers of excitatory and inhibitory neurons. The number of the metastable states
is given by exp(NF), and therefore the metastable states exist only for the parameter
regions in which F takes positive values. In the case of the Hopfield model, the full curve
is for @ =0.05 and the broken curve is for « =0.1. The height of the former peak is less
than O(107%). For the present model, the case when a =0.05 and g =0 is shown.

Now we show the function F for the present model. For the time being, we set g
equal to 0 and consider the network with equal numbers of excitatory and inhibitory
neurons. In figure 1(b), F is shown when a =0.05. The remarkable point is that the
positive band around g = 0 becomes much broader and higher than that in the Hopfield
model shown in figure 1(a), or equivalently, the number of retrieval states for the present
model increases significantly compared to that for the Hopfield model when N > Q(10°).
This feature is seen for any values of a for which the network behaves as a good
memory and is characteristic for the neural network whose unit neurons are uniquely
assigned to be excitatory or inhibitory. The immediate implication of this result is that
each pattern is stored as a huge set of patterns almost identifiable to the original pattern
and consequently identifiable to each other. We will briefly discuss its possible
physical or biological implications later. Note also that the number of uncorrelated
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metastable states increases slightly. Therefore it is not always true that the number of
spurious states decreases for neural networks with asymmetric couplings. (See also
Parisi 1986, Feigelman and loffe 1986, 1987, Treves and Amit 1988.)

It is known that the gap between the two positive bands disappears if « is larger
than some critical value «.. For the Hopfield model, o, was estimated to be 0.113
(Gardner 1986). Setting g =0, i.e. observing the direction in which most of the retrieval
states exist, we obtain the following value of «. for the present physiological model
when r=10.5:

a.=0.0792.

This value is not very sensitive to the parameter r. It is natural to have a smaller value
of «, since only half of the neurons are used to store each pattern on average. It is
noted that naively «. is expected to be one half of that for the Hopfield model but
the value obtained is not so small. This decrease of critical memory storage capacity
cannot be serious for biological nervous systems like the brain since they consist of
an enormous number of neurons.

As mentioned previously, F tends to be negative as g increases. In figure 2, F is
shown, as an example, for a = 0.05 when g =0.275. The band of retrieval states almost
disappears while that of the uncorrelated metastable states is almost unchanged. Thus
patterns are stored in the present network by releasing spins at very small portions of
the inhibitory neurons.
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Figure 2. The function F for the physiological model  Figure 3. The function F for @ =0.06 and q = 0 when

with equal numbers of excitatory and inhibitory the number of excitatory neurons and that of inhibi-

neurons when a =0.05 and g =0.275. tory neurons are not matched. The broken curve is
for the excitatory-dominant case (r=0.8) and the
full curve is for the inhibitory-dominant case (r=
0.2).

Finally, we show some cases in which the numbers of excitatory and inhibitory
neurons are not equal. Figure 3 shows the function F in two cases, r=0.2 and 0.8,
when a=0.06 and g=0. The two bands, especially the one corresponding to the
retrieval states, are observed to grow as the number of inhibitory neurons increases.
This seems to be natural, since, as mentioned above, most spins which are opposite
to those of the original pattern are observed at the inhibitory neurons in the retrieval
states. Therefore if the number of inhibitory neurons increases, the number of the
retrieval states is expected to increase. However, this increase of the retrieval states
does not necessarily lead to an improvement in the ability of memory retrieval in
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inhibitory-dominant neural networks. Suppose that inhibitory neurons largely exceed
excitatory neurons in number. Then the retrieval sequences easily enter a mode in
which uniform configurations {1,} and {—1,} appear alternately. On the other hand,
if excitatory neurons exceed inhibitory neurons, the sequences mostly end up in one
of the uniform configurations. Thus, to keep the attraction basins of the retrieval states
large enough compared with those for the uniform modes, the numbers of excitatory
and inhibitory neurons are to be reasonably balanced. This point will be studied
further in the next section.

4. The process of retrieval

To see the effect of incorporating the Dale hypothesis on the retrieval dynamics in
some detail, we discuss statistical dynamics of overlaps (Amari 1977b, Kinzel 1985,
Shinomoto 1987) for the present model. The above intuitive argument suggests that
it is necessary to consider two kinds of overlaps: one is the overlap of the temporal
pattern {S;} with the stored patterns {£/'} and the other is that with the uniform mode
{1;}. Thus we introduce

1 1
mM=NZs,§¢‘ m+=NZsi1i. (8)

Next we define the referenced inputs u* and u; as follows:
ut=gth ur=1h (9)

with h; given in (3). Then the overlaps at time r+1 can be written in terms of the
referenced inputs at time ¢ as

m“(t+1)=%25gn(uﬁ‘(t)) mT(1+1)=%ngn(uT(t)). (10)

The trick is to introduce an ensemble of a set of patterns satisfying
<§?§f> = 6&66ij <§lﬂs’> = muauaalj <Sl> =m., <§?> = m.u.%-apa (11)

where (... ) stands for an average over the ensemble and m,, . is the overlap between
{¢} and {1,}. In other words, we consider the ensemble over which the overlaps m,,
m, and m, , take some fixed values. Note that the correlations among different sites
and different patterns are neglected in the present approximation. Evaluating the mean
values and the variances of u! and u; over the ensemble by using (11), we obtain

T =(uty=m, 2T =(u)=p2r-1)m, (12)
and

(ut—a*))=a+piq’m?

(ui —a" )y=a+m (13)

((uf —a*)(ui —a"))=pgm.m,

where we have neglected the terms of O(1/N).
Furthermore, when N goes to infinity, we can replace the rRHs of (10) with the
average of sgn(u!) or sgn(u; ) over a two-dimensional Gaussian distribution plu*, u™)
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whose means and variances are given by (12) and (13):

. [det M\'?
p(u*‘,u‘)=< 6277 > exp[—%(u—uO)TM(u—uo)] (14)
where
u=(u*, u")" ug=(a*, a")’

m.+a p(1=2rym,m, ) (15)

_ 227 —1)2m> + m2 —1( i
M=o Tatp Qr=1ymetml | G onmam. a+pi(1-2r m?

Introducing a vector notation to the overlaps in an obvious manner, we consider
a nonlinear map G from m(r) to m(r+2). Note that we consider the map for two
time steps in order to take account of the uniform mode of period two appearing in
inhibitory-dominant cases. Then it is a straightforward calculation to obtain the
linearised map 9G/dm around a trivial fixed point m =0 of the map G.

=diag<i,M>. (16)
m=0

mo ma

G

am

Now we find that the fixed point at the origin m = 0 is stable if the conditions

201 a2
24 U2
kg4 Ta

(17)

are satisfied. If one of the above inequalities is not satisfied, a couple of stable points
appear on the corresponding instability axis through the pitchfork bifurcation and the
origin turns into a saddle point. Since the bifurcation scenario with the present choice
of the learning rule is essentially the same as the one with all-or-nothing learning, we
do not repeat it here, but only compare the above stability conditions with those
obtained for the all-or-nothing learning (Shinomoto 1987):
2
L<1 2pQ=2r) <1.
a2 4 wa

We see that the origin stays unstable in the m, direction twice as long in the present
model as « increases, which is preferable for the memory retrieval. This is natural
since less information on the patterns is lost in the learning rule (1) than in the
all-or-nothing learning. In short, the present learning rule teaches each pattern more
firmly. On the contrary, the origin turns stable rather easily in the m, direction. This
is interpreted as follows. In the all-or-nothing learning, half of the synaptic couplings
T, are expected to vanish for any values of the parameter r if random patterns are
learned. The present learning rule turns most of these vanishing couplings into negative
or positive ones according to the inhibitory or excitatory nature of the corresponding
neurons. Therefore the generated synaptic couplings develop an excitatory or inhibitory
dominant nature more remarkably if the two types of neurons are not balanced in
number. Thus the retrieval sequences comparatively easily enter into the uniform
modes.

If the attraction basins of the uniform modes are desired to be reasonably small
compared to those of the retrieval states, the second inequality of the stability conditions
in (17) should be followed strongly. This requires a rather exact balance between
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the numbers of excitatory neurons and inhibitory neurons. More precisely, the follow-
ing inequality is to be obeyed:

1 1 1 1
—_ _— —_ —_ 8
2(1 p)<r<2(1+p>. (18)

Though the above argument is not exact, it is desirable that r is close to ; when p is large.

The inequality (18) follows only when we require rather wide attraction basins of
the retrieval states. Therefore if input patterns which are not very close to the stored
patterns are not to be identified with any one of them, r need not be ~1. Then the
unbalance of excitatory and inhibitory neurons in number makes it easier to drive
retrieval sequences into the uniform modes from the input patterns not close to the
stored patterns. This performance, which was called ‘cognitive ability’ (Shinomoto
1987), is a natural consequence of assigning unique excitatory or inhibitory character
to each neuron.

5. Concluding remarks

We found that the number of the metastable states correlated to the stored patterns
(i.e. the number of the retrieval states) increases remarkably at the cost of less critical
storage capacity if each neuron has a unique excitatory or inhibitory character. In the
retrieval states, most of spins opposite to those of the corresponding original pattern
are observed at the inhibitory neurons. It will be interesting to study the possible
implications of incorporating the Dale hypothesis in the retrieval dynamics of neural
networks. The present choice of the learning is not sufficiently asymmetric to produce
limit cycles in the retrieval dynamics. However, suppose that the degree of asymmetry
is somehow increased. Then the dynamical structure of the network becomes fairly
rich: the limit cycles will appear (Coolen and Ruijgrok 1988, Shiino et al 1989). It
has also been argued that asymmetry may open chaotic trajectories (Parisi 1986). Then
we may expect that there exist rich chaotic trajectories in the biological nervous systems
since huge numbers of the metastable states around the stored patterns may provide
a variety of branches for the retrieval trajectories. Actually we obtain asymmetric
neural networks which exhibit chaotic retrieval dynamics under finite external (thermal)
noises if the Dale hypothesis as well as time delay is incorporated (Fukai and Shiino
1989). The models and their retrieval dynamics will be reported elsewhere.
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Appendix

We show the derivation of (6) and (7) in the text. The starting equation is the RHs of
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{5), which is written as

N
HJdX’J ﬂ<exp<i2x.-‘r."*'i(l—Zg) Y exi—ia Y Sx Y S,
h i r=1 i

27 J#E
—LN Y Yesx L fij)> (A1)

where we have assumed, without any loss of generality, that the first Ng neurons are
in opposite spin states to the pattern {7}, while the others are in the correct spin states:
this implies that ¢;,=1for i=1,..., Ng and -1 fori=Ng+1,..., N.

Noting that

Z Six; Z Sj77j = (Z Sxxz)(z Sj"?j) _Z niX; (A2)

T Tersx Yy e =Y (Z grsix,-)<z §}‘%>—(p—1)zx,- (A3)

and making use of the results

ool -ia(z55)(250)

=J’ dz dzexp(—a"zz‘%—fiS,»ni—izZS,-xi) (Ad)
2rma T i

exp [ug <z §¢‘S,x,->(§, f,»“s,)]

-1 [ eenp(-N T mt T (RSet-imsen) (A9

mET 27T/N A mEr

we can decouple each spin variable from the others. Now we take the average over
patterns {£¢*} and the trace over {S;} to obtain

dr, [ dm, dm, | dzdzZ
H d.x -t [oa g
i ‘ w27 27/ N 27

N
xexp(in,-r,-+i(1—2g) Y ex;+ Y Incosh(m, —im,x;)
i i=1 h i

#=ri

+Y In cosh(zn, —izx;) +ia Y x,(1+ ;)

-N ¥ m“rﬁ“—a"zz'—Nglng—-N(l—g)ln(l—g)). (A6)

nE*r

Expanding In cosh, we obtain the Gaussian integrals for m,, m,, z and Z. We find
that the integrations of z and 7 contribute only to the next leading order in N and
thus are negligible. The integrations of m, and m, are evaluated as

d dm 1
I1 J——;n;/l:/n"exp[ENmi—(i;xﬁN) murﬁ#——;-<2x,?> mi]

wEr i

=exp{—-;~aNln[%Zxf+<l+LNZx,->2]}. (A7)
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After introducing new variables
A=%;x$ B-xLx (A8)

by using & functions with their integral forms, we substitute (A7) into (A6). Then we
perform the integrations of x; and obtain

dr, [ dadA | dbdB 1
: - tb+a(l+n)+(1-2g)gT
J’hI-iI 27TJ'27T/NJ.27r/NexP( 4az,»:[T a(l+mn;)+( g)e]

+ N{-3aIn[A+(1+B)*]+aA-bB-glng—(1—-g) ln(l—g)}).
(A9)

Now the integrations of A and B may be evaluated by the saddle point approxima-
tion. Defining the parameters r and ¢ as given in the text, replacing the variables a
and b as «/2a-1/a and b+ a » ba and inserting y in front of 7, in (A9), we finally
obtain the desired equations (6) and (7).
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